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Abstract 

We extend a recent result of Burns, Guillcmin and Uribe on the 
asymptotics of the spectral measure for the reduction metric on a toric 
variety to any toric metric on a toric variety. We show how this ex- 
tended result together with the Tian-Yau-Zelditch asymptotic expan- 
sion can be used to deduce Abreu's formula for the scalar curvature of 
a toric metric on a toric variety in terms of polytope data. 

1 Introduction 

Recently, Burns, Guillemin and Uribe have described a procedure to give 
the asymptotic expansion of the so called spectral measure sequence on a 
toric manifold. One obtains this sequence by choosing an orthonormal basis 
for the space of holomorphic sections of large tensor powers of a quantizing 
line bundle for the toric manifold and adding the square of the norms of 
these elements of the basis. More precisely, suppose we are given a toric 
symplectic manifold (X,lo). Let L — > X be a line bundle whose first Chern 
class is [u]. There is a natural metric on X called the reduction metric 
which is invariant by the torus action on X (see [G]). This metric allows 
us to define a Hermitian metric on the bundle L. We simply ask that this 
Hermitian metric h satisfies the following: idd log h is the Kahler metric on 
X. The space of holomorphic sections of L N which we denote by H°(X, L ) 
inherits a torus action and splits according to the action's weights. Since 
we have a Hermitian metric on L, we can choose an orthonormal basis {s m } 
of H°(X,L N ) which is compatible with the splitting of H°(X,L N ). The 
sequence of spectral measures is 
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where v is the Liouville measure. One of the results in [BGU] describes the 
asymptotic behavior of the sequence fj-N in iV. 

It is well known (see [G] ) that toric varieties have many toric metrics 
(i.e. metrics invariant through the torus action) compatible with a given 
symplectic structure. Each toric metric gives rise to a different Hermitian 
metric on the bundle L hence to a different orthonormal basis from which 
it is possible to construct a spectral measure depending on the initial toric 
metric. It is then natural to ask if the results in [BGUJ extend to such 
metrics. The first purpose of this note is to show that this is true. For 
example, we prove 

Theorem 1 Let X be a toric variety with moment polytope A and consider 
any toric metric on X . Let ip £ C°°(A), and fi^ be the sequence of spectral 
measures on X for the chosen toric metric. Then 



where ip can be seen as a function on X via the moment map and the Pi{ip) 's 
are integrals of differential operators acting on ip. 

The pointwise asymptotic behavior of the sequence of functions 



has been extensively studied (see [C], [L], [T] and [Z]). It is known as 
the Tian-Yau-Zelditch asymptotic expansion. Now when one applies the 
measures to functions with compact support on the polytope, one should 
be able to recover the pointwise asymptotic behavior of the function |sm| 
(at least in "most" points). In this spirit, we use Theorem Q] in a precise 
version (or rather the method that is used to prove this theorem and which 
appears in [BGU])) to write down the term in N 11 ^ 1 in the expansion. By 
comparing this term with the corresponding term of the pointwise Tian- 
Yau-Zelditch asymptotic expansion (which was obtained by Lu in [E]) we 
recover a result of Abreu's (see [Al| ) which gives a formula for the scalar 
curvature of any toric metric on a toric variety in terms of polytope data. 
That is, we give a different proof of the following theorem of Abreu 

Theorem 2 Let X be a toric variety with moment polytope A and consider 
any toric metric on X with symplectic potential g. The scalar curvature of 
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the metric is given by 

1 d 2 G i i 

2 dyidyj 

where y is the moment map coordinate for g on A and G is the Hessian of 
g in the y coordinates. 

A brief outline of this paper is the following: In the first section we 
give a very brief review of some old results on the Kahler structure of toric 
varieties. The results described in that section first appeared in \G\ and [Alj . 
The second section deals with the function ip which encodes the information 
coming from the norms of a special basis of H°(X, L ). In this section, 
we basically prove that the function ip satisfies properties similar to the 
ones appearing in |BGUj which ensure that the sections s m peak at some 
fiber over a point in A. In the fourth section, we use these properties to 
write down the asymptotic behavior of \s m \ and of /U v- Finally, in the fifth 
section we compare these results with the well known Tian-Yau-Zelditch 
asymptotic expansion to get a formula for the scalar curvature of the toric 
metric in terms of polytope data only. This formula was first obtained in 
[Al] using a different approach. 
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2 Background 

For the sake of completeness we give some background on Kahler toric va- 
rieties (see [G], [Al| and [A2] for more details and proofs). 

2.1 Kahler toric metrics 

Definition 1 A Kahler toric manifold X 2n is a closed connected Kahler 
manifold (X,u, J) with a T n Hamiltonian action which is also holomorphic. 

Such an action admits a moment map <j> : X — > M n , where we have identified 
R n with its dual. This moment map depends on oo but its image does not. 
It is a convex polytope in W 1 of Delzant type. 

Definition 2 A convex polytope A in W 1 is of Delzant type if 
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1. There are n edges meeting at each vertex, 



2. It is possible to choose a set of primitive exterior normals to facets in 



3. The set of outward normals corresponding to the facets meeting at one 
vertex forms a basis for M n , for all vertexes. 

Given a polytope in W 1 , Delzant has given a canonical way to associate 
to it a Kahler toric manifold which we write (X, ujq,J). The results in 
[BGUj concern this Kahler manifold. The symplectic form uq and the metric 
associated with loq and J are called reduced. 

Although all Kahler toric manifolds are symplectomorphic to (X, loq) 
they are by no means Kahler isomorphic to (X, loq,J). That is, the sym- 
plectic isomorphism between (X, to) and (X, uio) can, in general, not be taken 
to be holomorphic. In a dual way, we can also say that all Kahler toric man- 
ifolds are biholomorphic to (X, J) but the biholomorphism can not be taken 
to be symplectic. Therefore we can think of Kahler toric manifolds as triples 
(X, u, J) where J is canonical and comes from the Delzant construction but 
u is, in general, different from uq. 

2.2 Complex and symplectic coordinates 

Toric manifolds admit two natural sets of coordinates (see |A2| ): 

1. Complex coordinates on an open dense subset (the open orbit of the 
torus action). Let us call these coordinates z = u + iv. In these 
coordinates the torus acts by translation in the v variables. 

2. There are also symplectic coordinates, on the same dense open set of 
X, that make the symplectic form standard. Consider the moment 
map on X from the torus action. As is well known, its image lies 
in a Delzant type polytope in R n which we call A. Let y be the 
moment map coordinates on this polytope, then (y, v) are symplectic 
coordinates in X, that is 



In these coordinates, the complex structure takes a non-standard form 



oj = 




hessg 








4 



for some function g which is called the symplectic potential. Note 
that, since the complex structure is torus invariant, g is really only a 
function of the y coordinates. 

There is a relation between complex and symplectic coordinates, namely 
the Legendre transform 

u = g y . (1) 

Also in the open dense subset, the Kahler form admits a Kahler potential. 
That is, there exits /, a function of z, such that the Kahler form is —2iddf. 
The invariance of the Kahler metric with respect to the torus action implies 
that / is actually only a function of u. The functions / and g are related to 
each other by the following relations (see [G] ) 

f(u) + g(y) = y .u, y = f u , u = g y . (2) 

2.3 General symplectic potentials 

The polytope A can be described by a set of inequalities 

A = {y £ R n : y . m - a < 0, i = 1, • • • , d} 

where c% is an integer and Ui £ Z n is a primitive outward normal to the i-th 
facet of A. Set k(y) = c% — y . The reduction metric corresponding to ujq 
has symplectic potential 

d 
i=l 

The symplectic potential of a general metric is given by g = go + g r where 
g r is smooth in a neighborhood of A (see |A2| ). In particular the behavior 
of the potential on the facets of the polytope is that of go- 
Not all functions of the form g = go + g r , where g r is smooth, are 
symplectic potentials though (see Theorem 2.8 in [A2| ). In particular, g 
needs to be such that hess(g) is positive definite on the interior of A and 
this Hessian needs to have a certain behavior on the facets. For example, as 
one reaches a point in the interior of an (n — l)-dimensional facet, the inverse 
matrix of the Hessian converges but acquires a kernel which is generated by 
the Ui corresponding to that facet. As one approaches an (n — 2)-dimensional 
facet, the inverse of the Hessian still converges but this time acquires a 2- 
dimensional kernel etc... 
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2.4 Holomorphic sections on toric manifolds 

The T n action on X is holomorphic and therefore it induces an action on 
H°(X,L N ), the space of holomorphic sections on L . This vector space 
must split according to the weights of the action. There is a torus invariant 
global section which we denote by 1. It is not hard to see that any holomor- 
phic section of L N can be written as a linear combination of the sections 
e m - z l N i.e. 

H°(X,L N ) = span{e m - z l k , m£Z n niVA,}. 

We set 7L n n NA = [NA]. This basis decomposes H°(X,L N ) into one 
dimensional weight spaces for the torus action. Namely, 

where 9 is in R n and we write e m ' z for e m,z l N . The set {e m,z , m G 
Z n niVA, }, forms an orthogonal basis of H°(X, L N ). This is simply because 

f e im - v dv = 0, 

unless m=0. 

3 The function cp 

Our setting is the same as the setting in |BGU| . Let X be a Kahler toric 
manifold of complex dimension n such that the symplectic form on X, u 
has integral cohomology class so that it is the curvature of some connection 
on a line bundle L — ► X. Now consider any toric metric on X, i.e. any 
metric which is invariant by the torus action on X. This metric comes from 
a Hermitian metric on L, h. In fact, the Kahler metric on X is given by 
iddlogh. Pick an orthonormal basis for H°(X, L N ) which is an eigenba- 
sis for the torus action, say {s m }. As in [BGU] . we are interested in the 
asymptotic behavior of the spectral measure 

Mat = ^2 \ s ™\ 2l/ 

i 

where v is the Liouville measure. In [BGU| . Burns, Guillemin and Uribe 
consider the case where the metric on X is the so called reduced metric. 
Here we are concerned with the general case. To this end, we look at the 
norms of the sections e m ' z with respect to the Hermitian metric associated 
to u and thus define the function ip which encodes the information from all 
of these norms. 
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3.1 Definition 



Suppose we have a fixed toric metric on X. This metric allows us to define 
a Hermitian metric on the bundle L. Simply set 

to = idd log h 

where h is the norm of the torus invariant section we have called 1. The 
function h is torus invariant. We note here that the norm of any of the e m,z 
is also torus invariant. This is because 

\ m.z\2 2m.ui 

l e \h — e ' l i 

which does not depend on the v coordinate. We define 

v&y) = ^ l °z\ eTn ' z ft *"'**'). 

where m G Z n D N A and (p is the moment map for the torus action with 
respect to to. Even though <p~ l is not a well defined function, ip is well 
defined. To be more precise, suppose that two points in X have the same 
image via the moment map in the polytope. Then, they are in the same 
torus orbit and therefore, since |e m,z || is torus invariant, the above quantity 
is well defined. In [BGU], Burns, Guillemin and Uribe consider the case 
where the symplectic form is the reduction symplectic form. Then we have 

w(5>f) =^ 1 °gl em "l'o° ( / , o 1 (y)> 

where ho is the Hermitian metric corresponding to the reduction symplectic 
form and (j)Q is the moment map of the torus action associated with the 
reduction symplectic form. 

3.2 if and tpo 

We can write down a relation between the functions <p and ip$. For that we 
need to consider the map 

This is well defined because if two points have the same image via <j> then 
they lie in the same torus orbit above that image and therefore they have 
the same image via (f)Q. Note that in the interior of A there an explicit 
expression for a, namely 

<*(y) = hu ° fu 1 - 

For later use we prove the following simple lemma 
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Lemma 1 The function a is the identity on the boundary of A. 

Proof The proof is simple. The point is that the function fo u o f~ l extends 
smoothly to the boundary of A as the identity. The function fo u o f^ 1 is 
simply goy^ 1 o g y , and the behavior of g y is the same as that of go y at the 
boundary of A. To be more precise let x be in the boundary of A, I be 
set of faces to which x does not belong and I c its complement in the set 
{!,•■■ , d} i.e. the set of indices of the facets to which x does belong. 



near the interior of the ith face of A. Since the same is true for go y , the 
result follows. □ 

The forms too and u, are cohomologous therefore there is a globally 
defined function on X, say p, such that 



Seen as a function of z in the open dense orbit, p only depends on u because 
it must be invariant by the torus action. 

Lemma 2 The functions if and ipo are related via 



d 



9y{v) = - 5^ log + g ry ^logZi(y) 




ijj = uj + 2ddp. 



ip(x, y) = <p {x, a(y)) + p(a(y)) 



Proof This is straightforward. We must have 



h = e 2p h { 



up to a constant, hence 



m.z 1 2 

e \h 



,m.z\2 2Np 



and 



<p(x, y) = ^- T log \e m - z \l o O H^o o <t>~\y)) 



where x 



m/N. That is 



<p{x,y) = ^log(|e^ \l e 2N ») otfMy)) 



and the result follows. □ 
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3.3 (f and g 

Let g denote, as before, the symplectic potential associated to the symplectic 
form ijj. It is possible to write down (p in terms of g alone. 

Lemma 3 Let g be the symplectic potential for uj, we have 

<p(x, y) = g{y) + {x-y). g y (y). 

Proof We start by determining an expression for the Hermitian metric h. 
Since both —2f and log h are potentials for the Kahler metric on X we must 
have 

h = e~ 2 f. 

Therefore 

\ p m.z\2 _ 2m.u -2Nf 

\e \ h — e e 

Replacing / by the expression given in equation ([2|) and using equation ([T]) 
we have 

\e m - z \l(y) = e 2Ar (9(y)+(]v^)-9yfe)) j 
where y = <j)(z). We have 

v^,v) =^iog|e m -^or 1 (y) 

and the result follows. □ 

Let us check that this fits in well with the expression in [BGU] for ip$ . 
Since 

d 

90 = ^k\ogk - k, 

i=i 

we have 

d 

90y = -yVjiog k, 

i=l 

and therefore 

go + (x-y). g 0y = ^ k{x) log k{y) - k{y), 

because x — y . U{ = h(x) — h{y)- The above expression coincides with the 
expression appearing in [BGU] for ipQ. 



9 



Later we are going to be interested in an orthonormal basis for H°(X, L ) 
This is simply the set {s m }, where 



s 



rn 



gm.2 

where | . | refers to the I? norm and we can write 

\Sm\ h (y) = j^Mf^ > m£ t iVA ]- 

3.4 Two lemmas on tp 

The point here is that independently of g, the function <p satisfies two lemmas 
which appear in I >( i C] for the case g = go- 

Lemma 4 Let x be a point in the interior of A and g be a symplectic 
potential on A. Then, the function <p regarded as a function of y = f u (u) 
has a unique critical point at x = y and this unique critical point is the 
unique global maximum of the function (p on A. 

proof We first note that as y tends to d A, a{y) also tends to <9A. Consider 
the formula 

<p(x, y) = tp (x, a(y)) + p{a(y)). 
We know that <po(x, y) tends to -co as y tends to <9A because 

<Po(x,y) = ^2 li(x) log k(y) - k(y). 

As for p, since it a globally defined function on X it must have a finite 
limit as y tends to <9A. We conclude that <p(x,y) tends to — oo as well on 
dA. On the other hand it is bounded from above on A since the li and p 
are. Therefore it has a maximum on the interior on A. This maximum is a 
critical point of 92. Using 

<p(x, y) = d(y) + {x-y). g y (y), 

we see that 

— = hess(g){x - y). (3) 

Now from the properties of g mentioned in section [2T3l we know that hess(g) 
is positive definite on the interior of A and the result follows. □ 

A similar result can be proved when x is in the boundary of A namely 
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Lemma 5 Let x be a point in the interior of a facet F of A and g be a 
symplectic potential on A. Then, the restriction to F of the function (p 
regarded as a function of y has a unique critical point at x = y and this 
unique critical point is the unique global maximum of the restriction to F 
of the function ip on A. Moreover, the derivatives of (p in the directions 
normal to F are not zero at this maximum. 

proof Let I = {i £ {1, • • • , d} : x £ ^~ (0)} where d is the total number of 
facets in A. That is, I is the set of indices of the facets to which x does 
not belong. We start by showing that (p(x, •) actually extends to F. This 
follows from the formula 

d 

V{x, v) = h{x) log k(a(y)) - ^ h(a(y)) + p(a(y)) 
iei i=i 

which in turn is a consequence of the expression 

d 

<Po(x,y) = ^2k(x)logli(y) - ^2k(y). 
iei i=l 

from [BGU]. Again as y tends to dF, so does a(y) and it follows from the 
expression above that (po(x, •) tends to — oo. Therefore <p(x, •) is — oo on the 
boundary of F. It is also bounded from above on this facet so there must be 
a maximum on the interior of F and this maximum must be a critical point 
of the restriction of ip to F as a function of y. Consider the expression 



-iffy 
dy 



x - y = (hessy(g)) 1 — (4) 



which holds true on the interior of A. We know from the properties of g 
described in section and discussed in [A2J that (hess y (g))~ 1 extends to 
F with a kernel generated by € I c }. As for ^ it is given by 

^(y) = Da(y) (^-( x , a (y)) + ^Hy)) 
and 

y iei Ki " i=l 

which clearly extends to the interior of F. Hence we conclude that ^ itself 
extends to the interior of F. So equation Q holds even for y in F. Suppose 
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that the point y £ F is critical for the restriction of ip to F. This means 
that 

^ G T^F = span{u;, i e I c } 
dy 

hence 

(/ iess ,( 5 ))- 1 ^ = o 

which implies that x = y. Next we would like to see that ^ cannot be zero 
at x = y. Define 

goi° = y~] k log k - k- 

i€l c 

We have g = goi? + go — goi c + g r ■ The functions g r and go — <?o/ c extend 
smoothly to the interior of F so we must check that 

hess y (goic)(x - y) 

tends to something which is not zero as y tends to x. We have 

hess{g 0I c)(y) = ^ ^p- 



u 



hence 

hess(g 0I c)(y)(x - y) = ^~t4a ~ 

Now use the fact that u, . (x — y) = — ^(x) = Zj(y) so the expression 
above coincides with 

which is non zero because of the Delzant condition. □ 



4 The results 

As in [BGU] we are interested in the spectral measures of the manifold X. 
These are defined by 

UN =^2 \ Sm \h V 

where v is the Liouville measure. Let ip be a smooth function on A. Then 
the goal is to write an asymptotic formula for 
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in N, as N tends to oo. We have 



L 



me [TV A] 



( 



m 



N 



) 



where 




dy. 



The results in [BGU| use two main ingredients: 



• The first in an asymptotic formula for sums of the form 




for any continuous function ip on A (see [GS]). This argument clearly 
does not depend on the symplectic potential g. 

• The second ingredient is an application of the Euler-McLaurin formula 
to the function ip as it appears in the integral 



around the point x which is the point where ip attains its maximum. 
Again this argument works for general g since the lemmas 4.1 and 4.2 
of [BGU] carry over to this case. Their generalizations to this setting 
are lemmas 2] and [5] from the previous section. We will carry out this 
method explicitly in the next section for the case when ip has compact 
support in A. 

We can summarize the results obtained by applying this method in the 
following generalization of the main theorem in [BGUj : 

Theorem 3 Let X be a toric variety with moment polytope A endowed with 
a toric metric. Let ip € C°°(A), and [In be the sequence of spectral measures 
on X for the chosen toric metric. Then 



° i=0 

where ip can be seen as a function on X via the moment map and the Pi(tp) 's 
are integrals of differential operators acting on ip. 



L 



f ^{y)e 2N ^ x ^ 
A f A e 2N ^v)dy 



dy 




N 
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The other asymptotic results appearing in |BGU| hold true in this new 
setting provided one is careful to note that the coordinates y are now given 
by the new moment map (j) corresponding to u. We have for example: 

Theorem 4 Let x be in A and m = Nx. The sequence of sections s m 
converges to a delta function on the fiber (f)~ 1 (x). 

proof This is exactly as in |BGU] . We note that 
where h(x) is the determinant of hess(g). Therefore, 

n/2 

Since for y not equal to x we have (p(x, y) — (p(x, x) < 0, the above converges 
to zero except if x = y, that in on the x fiber of (f>.\D 




5 Abreu's scalar curvature formula 

5.1 An explicit calculation using [BGU] approximation method 

In the previous section we roughly described the method first presented in 
[BGUj to obtain the asymptotic behavior of the integral 

In the case where tjj has compact support in A, the method simplifies con- 
siderably. We are going to write down explicitly the first two terms in the 
expansion and see how, from the second term, we can recover Abreu's for- 
mula (see |A1| ) for the scalar curvature of a toric manifold. 
Let V be in C~(A). First write 

me [TV A] 

From [GSj it is known that 




L 
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where h G M. d . By A^, we mean the dilated polygon 

A h = {y e R n : y . m - Ci < hi,i = 1, ■ ■ ■ ,d}. 
The function r is defined by 

and 

T[ Ndh ) n N dh l '"' Ty N dh d h 

so that 

T{ NM ) = 1 + N{w 1 + -'' + w d ) +0 {m 

We now move on to write the asymptotics for 

Y> B (x) = / T ( %„ , , dy. (6) 



Proposition 1 The first terms in the asymptotic expansion for ift are given 
by 

* (x) - «*> + 5w (.29^° + at %r) + U) • 

proof We can write the Taylor expansion for ip around x 

dip 

ip(y) = i/j(x) + — (£(x, y))(y a - x a ) 

where £ is a smooth function satisfying 

G afy, 
£(x,x) = X, 

and 

£(z,y) = €(v,x). 

Here, aTy denotes the set {tx + (1 — t)y,t G [0, 1]}. These properties imply 
that 
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From equation ([3]) we can write 



y - x = -(hess(g)) 

dy 

or, writing (hess(g))~ 1 = (G ab ) 

„ T - r ab ^ 

ya — %a — o ) 

oyb 

so that in the Taylor expansion for ip we can write 

m = ^)-j L a (i{^y))G ab ^- h 

Now 

8y b 2N 8y b ' 

We can replace for ip in equation ([6]) and write 

^ JAl A e 2N ^dydy a ^ V ,yjJ 2N dy b 

Next we integrate by parts. We do not pick any boundary terms. Note that 
even for y in the boundary of A, £(x,y) is not necessarily in the boundary 
so that ifi(£(x,y)) is not necessarily 0. But the term G ab does vanish on the 
6th facet of A. The easiest way to see this is to choose coordinates so as 
to standardize the bth facet to have normal u b = e b . Then the boundary 
behavior of G ab implies that G ab u b = on the 6th facet and therefore G ab = 
on the 6th facet. Note also that for fixed 6 we need only to integrate by parts 
in the variable 6. 

Lemma 6 In integrating 

dw u de 2Nip( - x ^ 

^( x ,y))G ab —„ dy. 

a dy a dy b 

by parts, we do not pick any boundary terms. 

proof Fix 6. We choose coordinates yi, • • • , y n centered at one of the ver- 
texes in F b so that 

• In these coordinates, A is a subset of the positive octant of M n , 
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• For all i = 1, ■ • • , n, each facet Fj = l i 1 (0) is contained in the set 

{(yi, ■ ■ ■ ,y n ) ■ vi = o}. 

Let Q denote a rectangle in R n of the form [0, a±] x • ■ ■ x [0, a n ] containing 
A. One can find such a Q as long as the Qj's are big enough. Extend ip by 
zero to all of Q. This extension is still smooth because the support of ip is 
contained in the interior of A. We will also need to extend G ab to Q in a 
smooth way so that it is zero when one of the y^s is a&. Now 



is the same as 



which we write as 



f QJ, Q e 2N<p{x,y) 



/ / jr^v))G ab ^ — 

JQ h Jo dy a dy b 



dy b dy 



where 
and 

Integrating 
by parts we get 



Q b = [0, ai] x • • • x [0, a b ] x ■ ■ • x [0, a n ], 
dy = dyi A ■ ■ ■ A dy b A • • • A dy n . 



r a b gnl, g 2Nip(x,y) 
/ ^( X ,y))G ab ^- 

Jo dya dy b 



dyb, 



and two boundary terms 



oy a 



Vb=ab 



and 



dtp 
dy a 



(Z(x,y))G ab e 



ab 2Nip(x,y) 



(7) 



y b =o 
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The integral ([7]) must then be equal to 

J a dy b \oy a J 
plus two sums of boundary terms 

and 

Jy b =0 a Va 

The first of these boundary terms is zero because G ab = when y b = a b . 
Now consider the second boundary term. The set where y b = contains the 
facet F b . For this facet, we can take u b = e b . We know G ab u b = on the 
facet F b , this means that 

G ab (y) =0,V2/G4 

and the second boundary term is also zero.D 

After the integration by parts, equation ([6]) becomes 

Now we apply this process again. Set 

5 Z' 0^ ..^^ab 



We write the Taylor expansion for ipi in y around x 

^i(x,y) = ipi(x,x) + -£—(tii(x,y))(y a - x a ), 
oy a 

but we are only interested in the first term of this expansion since the second 
will bring an O(jfz) term to equation ([6]). Now 

. , . 1 d 2 ij) ^ ab dil> dG ab 
2dy a dy b dy a dy b 

where we have used the calculation of the derivatives of £ at points of the 
form (x,x). Replacing again in equation ([U]) we find 
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We use the equation in the above lemma to substitute for in ([5]). We get 
the asymptotic behavior we are interested in, up to terms in O (jpi)'- 

, l_ ( d_ d \\ f ( 1 / G ab d 2 j) dip dG ab 

+ N \~dh~! + " " + dh~ d ) J J Ah V^ (X) + 2N \Tdy~dy~ b + dy~a~dyV 

evaluated at h = 0. But since ip has compact support in A we must have 

wf * = ° 

ohi J Ah 

because this derivative is calculated as the limit, as hi tends to zero, of the 
expression 



hi 

and the numerator is zero since for small enough hi, ip is zero on the set 
A/j. \ A (note that we may have to consider the set A \ A^. instead). The 
term in jj in the expansion of J* A -i/Wv is therefore 

1 f G ab d 2 ip dip dG ab , 
+ ~ — 5 — "2A 



2 J A 2 dy a dy b dy a dy b 

and we can integrate by parts. Since tp and its derivatives have compact 
support in A we do not pick boundary terms. We get 

1 f , d 2 G ab 



4 J A dy a dy b 



5.2 The Tian-Yau-Zelditch asymptotic expansion 

The pointwise asymptotics of the function ^ |s m | 2 , where {s m } is an or- 
thonormal basis for the space H°(X,L N ) was studied in [C], [L], [T] and 
[Z] . The following theorem holds: 

Theorem 5 (Catlin,Lu,Tian,Zelditch) Let X be a Kdhler manifold whose 
symplectic form, to has integral cohomology class and L —* X a line bun- 
dle with a Hermitian metric coming from the metric on X. Consider an 
orthonormal basis for the space H°(X,L N ), {s rn }. Then there is an asymp- 
totic expansion 

\s m \ 2 ~ A (u)N n + A^N"- 1 + ■■■ 
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and 



A (lo) = 1, 



s(w) 



where s is the scalar curvature. More precisely there exist constants K r such 
that 



< K r N 



n—r—l 



C°(X) 



Using this result on our toric variety X, since our symplectic coordinates 
are well defined and smooth on our dense open subset, it is easy to conclude 
that for a compactly supported ip 



n-l 



, S 
A z 



We note here that ^ |s m | 2 is actually a function of y only. This is because 
the torus action on L preserves the Hermitian metric and thus leaves ^ |s m | 2 
invariant. Comparing this result with the result obtained in the previous 
subsection we conclude that 



^2 
A 1 



1 



Q2 G ab 



4 J a dy a dy b 

Thus, since this holds for all compactly supported ip, we must have 

1 d 2 G ab 
~2dy a dy b ' 

on X, which is Abreu's formula for scalar curvature from [Al]. 



6 Concluding remark 

One could in principle use the very explicit method described in the last 
section to obtain more terms in the asymptotic expansion of the spectral 
measure. This would allow one to write down formulas for other ^4j's ap- 
pearing in the Catlin, Lu, Tian, Zelditch Theorem and these formulas would 
be in terms of polytope data only. For example, it is know (see [L]) that 

A 2 (lj) = ^As + ^(\R\ 2 - A\Ric\ 2 + 3s 2 ) 
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where As is the Laplacian of the scalar curvature, R is the curvature tensor 
and Ric is the Ricci curvature. Therefore, the term in N n ~ 2 in the measure 
asymptotics would allow one to write down an expression for the quantity 

\R\ 2 -A\Ric\ 2 

in terms of polytope data only. 
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